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ttp://dx.doi.org/10.1016/j.joems.2016.01.003 Levine [7] introduced the ﬁrist step of generalizing closed 
ets. Balasubramanian and Sundaram [8] introduced the con- 
ept of generalized closed sets within Chang’s fuzzy topology 
9] as an extension of generalized sets of Levine. Kim and Ko
10] deﬁned r -generalized fuzzy closed sets in smooth topolog- 
cal spaces. Noiri [11] and Dontchev and Maki [12] introduced 
nother new generalization of Levine generalized closed set by 
tilizing the θ -closure operator. Khedr and Al-Saadi [13] gener- 
lized the notion of θ -generalized sets to bitopological space. 
ecently, Tantawy et al. [14–17] introduced the notion of θ - 
eneralized fuzzy closed sets in smooth bitopological spaces. 
On the other hand, Atanassov [18] introduced the idea of in-
uitionistic fuzzy set. Recently, much work has been done with 
hese concepts [18–20] . Çoker and coworker [21,22] introduced 
he idea of the topology of intuitionistic fuzzy sets. Samanta 
nd Mondal [23,24] introduced the deﬁnition of the intuitionis- 
ic gradation of openness. duction and hosting by Elsevier B.V. This is an open access article 
nc-nd/4.0/ ). 
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 In this paper, we introduce the notion of ( r , s )-( i , j )- θ -
generalized double fuzzy closed sets in double fuzzy bitopo-
logical spaces. A new θ -double fuzzy closure C θ12 on dou-
ble fuzzy bitopological spaces by using double supra fuzzy
(X , τ12 , τ ∗12 ) which is generated from double fuzzy bitopolog-
ical spaces (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) are deﬁned. By using ( r , s )-
(τ12 , τ
∗
12 ) -generalized double fuzzy closed sets, we deﬁne a new
double fuzzy closure operator which generates a new double
fuzzy topology. Finally, generalized double fuzzy θ -continuous
(resp. irresolute) and double fuzzy strongly θ -continuous map-
pings are introduced and some of their properties studied. 
Throughout this paper, let X be a nonempty set, I = [0 , 1] ,
I 0 = (0 , 1] and I 1 = [0 , 1) . For α ∈ I , α(x ) = α for each x ∈ X .
The set of all fuzzy subsets of X are denoted by I X . For x ∈ X
and t ∈ I 0 a fuzzy point denoted by 
x t (y ) = 
{
t, if y = x 
0 , if y  = x. 
x t ∈ λ iﬀ t ≤ λ( x ). We denote a fuzzy set λ which is quasi-
coincident with a fuzzy μ by λq μ, if there exists x ∈ X such
that λ(x ) + μ(x ) > 1 . Otherwise by λq μ. 
Deﬁnition 1.1 [23,25] . A double supra fuzzy topology on X is
an ordered pair ( τ , τ ∗) of mappings from I X to I such that 
(1) τ (λ) + τ ∗(λ) ≤ 1 , ∀ λ ∈ I X , 
(2) τ ( 0 ) = τ ( 1 ) = 1 , τ ∗( 0 ) = τ ∗( 1 ) = 0 , 
(3) τ ( ∨ i ∈  λi ) ≥ ∧ i ∈  τ ( λi ) and τ ∗( ∨ i ∈  λi ) ≥ ∨ i ∈  τ ∗( λi ), ∀ λi
∈ I X , i ∈  . 
The triplet ( X , τ , τ ∗) is called a double supra fuzzy topo-
logical space (dsfts, for short). A double supra fuzzy
topology ( τ , τ ∗) is called double fuzzy topological space
(dfts, for short) on X iﬀ
(4) τ ( λ1 ∧ λ2 ) ≥ τ ( λ1 ) ∧ τ ( λ2 ) and τ ∗( λ1 ∧ λ2 ) ≥ τ ∗( λ1 ) ∨
τ ∗( λ2 ), ∀ λ1 , λ2 ∈ I X . 
τ and τ ∗ may interpreted as gradation of openness and gra-
dation of nonopenness, respectively. The ( X , ( τ , τ ∗), ( ν, ν∗)) is
called a double fuzzy bitopological space (dfbts, for short). 
Deﬁnition 1.2 [25] . A map C : I X × I 0 × I 1 → I X is called a dou-
ble supra fuzzy closure operator on X if for λ, μ ∈ I X and r ∈
I 0 , s ∈ I 1 , it satisﬁes the following conditions: 
(C1) C( 0 , r, s ) = 0 . 
(C2) λ ≤ C ( λ, r , s ). 
(C3) C ( λ, r , s ) ∨ C ( μ, r , s ) ≤ C ( λ∨ μ, r , s ). 
(C4) C ( λ, r 1 , s 1 ) ≤ C ( λ, r 2 , s 2 ), if r 1 ≤ r 2 and s 1 ≥ s 2 . 
(C5) C (C (λ, r, s ) , r, s ) = C(λ, r, s ) . 
The pair ( X , C ) is called a double supra fuzzy closure space.
A double supra fuzzy closure space ( X , C ) is called double fuzzy
closure space iﬀ
(C) C(λ, r, s ) ∨ C(μ, r, s ) = C(λ ∨ μ, r, s ) . 
Theorem 1.1 [25] . Let ( X , τ , τ ∗) be a dsfts. Then, for λ ∈ I X , r
∈ I 0 , s ∈ I 1 , we deﬁne an operator C τ,τ∗ : I X × I 0 × I 1 → I X as
follows: 
 τ,τ∗ (λ, r, s ) = ∧ { μ ∈ I X : λ ≤ μ, τ ( 1 − μ) ≥ r, 
τ ∗( 1 − μ) ≤ s } . (1)
Then (X , C τ,τ∗ ) is a double supra fuzzy closure space. The
mapping I τ,τ∗ : I X × I 0 × I 1 → I X deﬁned by 
I τ,τ∗ (λ, r, s ) = ∨ { μ ∈ I X : μ ≤ λ, τ (μ) ≥ r, τ ∗(μ) ≤ s } , (2)is a double supra fuzzy interior space, and I τ,τ∗ ( 1 − λ, r, s ) = 1 −
 τ,τ∗ (λ, r, s ) . 
If ( X , τ , τ ∗) is dfts, then the deﬁnition of the double fuzzy
closure (resp. interior) for any fuzzy set is deﬁned as (2.1) and
(2.2), respectively. 
Theorem 1.2 [25] . Let ( X , C ) be a double (double supra) fuzzy
closure space. Deﬁne the mappings τC , τ ∗C : I 
X → I on X by 
τC (λ) = ∨ { r ∈ I 0 : C( 1 − λ, r, s ) = 1 − λ} , 
τ ∗C (λ) = ∧ { s ∈ I 1 : C( 1 − λ, r, s ) = 1 − λ} . 
Then: 
(1) (τC , τ ∗C ) is a double fuzzy (double supra fuzzy) topology on
X. 
(2) C τC ,τ∗C ≤ C. 
Theorem 1.3 [25] . Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dsfbts. We de-
ﬁne the mappings C 12 , I 12 : I X × I 0 × I 1 → I X as follows: 
 12 (λ, r, s ) = C τ1 ,τ∗1 (λ, r, s ) ∧ C τ2 ,τ∗2 (λ, r, s ) , 
I 12 (λ, r, s ) = I τ1 ,τ∗1 (λ, r, s ) ∨ I τ2 ,τ∗2 (λ, r, s ) , 
for all λ ∈ I X , r ∈ I 0 , s ∈ I 1 . Then , 
(1) ( X , C 12 ) is a double supra fuzzy closure space. 
(2) I 12 ( 1 − λ, r, s ) = 1 −C 12 (λ, r, s ) . 
Corollary 1.1 [25] . Let ( X , C 12 ) be a double supra fuzzy closure
space. Then, the mappings τC 12 , τ
∗
C 12 
: I X → I on X given by 
τC 12 (λ) = ∨ { r ∈ I 0 : C 12 ( 1 − λ, r, s ) = 1 − λ} , 
τ ∗C 12 (λ) = ∧ { s ∈ I 1 : C 12 ( 1 − λ, r, s ) = 1 − λ} . 
is a dsfts on X . 
Theorem 1.4 [25] . Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dsfbts. Let ( X ,
C 12 ) be a double supra fuzzy closure space. Deﬁne the mappings
τs , τ
∗
s : I 
X → I on X by 
τs (λ) = ∨ { τ1 (λ1 ) ∧ τ2 (λ2 ) : λ = λ1 ∨ λ2 } , 
τ ∗s (λ) = ∧ { τ ∗1 (λ1 ) ∧ τ ∗2 (λ2 ) : λ = λ1 ∨ λ2 } , 
where ∨ and ∧ are taken over all families { λ1 , λ2 : λ = λ1 ∨ λ2 } .
Then, 
(1) (τs , τ ∗s ) = (τC 12 , τ ∗C 12 ) is the coarsest double supra fuzzy
topology on X which is ﬁner than both of (τ1 , τ ∗1 ) and
(τ2 , τ
∗
2 ) . 
(2) C 12 = C τs ,τ∗s = C τC 12 ,τ∗C 12 . 
In this paper, we will denote to τC 12 , τ
∗
C 12 
by τ 12 , τ ∗12 ,
respectively. 
Deﬁnition 1.3 [26,27] . Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, μ ∈
I X , r ∈ I 0 , s ∈ I 1 and x t ∈ Pt ( X ). μ is called an ( r , s )-open Q τi ,τ∗i -
neighborhood of x t if x t q μ with τ i ( μ) ≥ r and τ ∗i (μ) ≤ s, we
denote 
Q τi ,τ∗i (x t , r, s ) = { μ ∈ I X : x t qμ, τi (μ) ≥ r, τ ∗i (μ) ≤ s } . 
Deﬁnition 1.4 [24,28,29] . Let f : (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) →
(X , (ν1 , ν∗1 ) , (ν2 , ν
∗
2 )) be a mapping. Then, f is called: 
(1) DFP-continuous if and only if τ i ( f −1 (μ)) ≥ νi (μ) and
τ ∗i ( f 
−1 (μ)) ≤ ν∗i (μ) , ∀ μ ∈ I Y , i = 1 , 2 . 
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I(2) DFP ∗-continuous if and only if f : (X , τ12 , τ ∗12 ) →
(X , ν12 , ν∗12 ) is DF -continuous, that is τ 12 ( f 
−1 (μ)) ≥
ν12 (μ) and τ ∗12 ( f 
−1 (μ)) ≤ ν∗12 (μ) , ∀ μ ∈ I Y . 
(3) DFP ∗-open if and only if f : (X , τ12 , τ ∗12 ) →
(X , ν12 , ν∗12 ) is DF-open, that is ν12 ( f ( λ)) ≥ τ 12 ( λ) and
ν∗12 ( f (λ)) ≤ τ ∗12 (λ) , ∀ λ ∈ I X . 
. ( r , s )- (τ12 , τ∗12 ) - θ-Generalized double fuzzy closed sets 
eﬁnition 2.1. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ ∈ I X , r ∈
 0 , s ∈ I 1 . A fuzzy set λ is called: 
(1) an ( r , s )-( i , j )-generalized double fuzzy closed (( r , s )-( i , j )-
gdfc, for short), if C τi ,τ∗i (λ, r, s ) ≤ μ , whenever λ ≤ μ such
that τ i ( μ) ≥ r and τ ∗i (μ) ≤ s. The complement of ( r , s )-
( i , j ))-gdfc is ( r , s )-( i , j )-generalized double fuzzy open (( r ,
s )-( i , j )-gdfo, for short). 
(2) an ( r , s )-( τ12 , τ ∗12 ) -generalized double fuzzy closed (( r , s )-
(τ12 , τ
∗
12 ) -gdfc, for short), if C 12 ( λ, r , s ) ≤ μ , whenever λ ≤
μ such that τ 12 ( μ) ≥ r and τ ∗12 (μ) ≤ s. The complement of 
( r , s )- (τ12 , τ ∗12 ) -gdfc is ( r , s )- (τ12 , τ
∗
12 ) -generalized double
fuzzy open (( r , s )- (τ12 , τ ∗12 ) -gdfo, for short). 
The concepts of ( r , s )- (τ12 , τ ∗12 ) -gdfc and ( r , s )-( i , j )-gdfc sets
re independent. 
eﬁnition 2.2. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ ∈ I X , r ∈
 0 , s ∈ I 1 . Then: 
(1) A fuzzy point x t ∈ Pt ( X ) is called ( r , s )-( i , j )- θ -cluster
point of λ if for every μ ∈ Q τi ,τ∗i (x t , r, s ) , C τ j ,τ∗j (μ, r, s ) qλ .
(2) An ( i , j )- θ -closure is a mapping T 
τi ,τ
∗
i 
τ j ,τ
∗
j 
: I X × I 0 × I 1 → I X 
deﬁned as follows: 
T 
τi ,τ
∗
i 
τ j ,τ
∗
j 
(λ, r, s ) = ∨ { x t ∈ Pt(X ) : 
x t is (r, s ) - (i, j) - θ -cluster point of λ} . 
(3) λ is called an ( r , s )-( i , j )-double fuzzy θ -closed (( r , s )-( i ,
j )-df θc, for short) iﬀ λ = T τi ,τ∗i 
τ j ,τ
∗
j 
(λ, r, s ) . The complement
of an ( r , s )-( i , j )-df θc is called ( r , s )-( i , j ) -double fuzzy
θ -open (( r , s )-( i , j )-df θo, for short). 
eﬁnition 2.3. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ, μ ∈ I X ,
 ∈ I 0 , s ∈ I 1 and x t ∈ Pt ( X ). Then: 
(1) T 
τi ,τ
∗
i 
τ j ,τ
∗
j 
(λ, r, s ) = ∧{ μ ∈ I X : I τ j ,τ∗j (μ, r, s ) ≥ λ, τi ( 1 − μ) ≥
r, τ ∗i ( 1 − μ) ≤ s } , i.e. T 
τi ,τ
∗
i 
τ j ,τ∗ j (λ, r, s ) is an ( r , s )-( i , j )-
double fuzzy closed set. 
(2) x t is an ( r , s )-( i , j )- θ -cluster point of λ iﬀ x t ∈
T 
τi ,τ
∗
i 
τ j ,τ
∗
j 
(λ, r, s ) . 
eﬁnition 2.4. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ ∈ I X , r ∈
 0 , s ∈ I 1 . A fuzzy set λ is an ( r , s )-( i , j )- θ -generalized double
uzzy closed (( r , s )-( i , j )- θ -gdfc, for short) if T 
τi ,τ
∗
i 
τ j ,τ
∗
j 
(λ, r, s ) ≤ μ,
henever λ ≤ μ such that τ i ( μ) ≥ r and τ ∗i (μ) ≤ s. The comple- 
ent of ( r , s )-( i , j )- θ -gdfc is an ( r , s )-( i , j )- θ -generalized double
uzzy open (( r , s )- ( i , j )- θ -gdfo, for short). 
eﬁnition 2.5. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ ∈ I X , r ∈
 0 , s ∈ I 1 and x t ∈ Pt ( X ). Then: (1) A fuzzy point x t is said to be an ( r , s )- (τ12 , τ ∗12 ) -
θ -cluster point if and only if C 12 ( μ, r , s ) q λ for
each μ ∈ Q τ12 ,τ∗12 (x t , r, s ) . Q τ12 ,τ∗12 (x t , r, s ) = { μ ∈ I X :
x t qμ, τ12 (μ) ≥ r, τ ∗12 (μ) ≤ s } . The set of all ( r , s )-
(τ12 , τ
∗
12 ) - θ -cluster points of λ is called C 
θ
12 -fuzzy closure
of λ, i.e. C θ12 : I 
X × I 0 × I 1 → I X deﬁned as follows: 
C θ12 (λ, r, s ) = ∨ { x t ∈ Pt(X ) : 
x t is (r, s ) - (τ12 , τ ∗12 ) - θ -cluster point of λ} . 
(2) λ is said to be an ( r , s )- (τ12 , τ ∗12 ) -double fuzzy θ closed
(( r , s )- (τ12 , τ ∗12 ) -df θc, for short) set iﬀC 
θ
12 (λ, r, s ) = λ. The
complement of ( r , s )- (τ12 , τ ∗12 ) -df θc set is ( r , s )- (τ12 , τ
∗
12 ) -
double fuzzy θ open (( r , s )- (τ12 , τ ∗12 ) -df θo, for short) set. 
heorem 2.1. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ ∈ I X , r ∈ I 0 ,
 ∈ I 1 . Then: 
(1) C 12 (λ, r, s ) ≤ C θ12 (λ, r, s ) ≤ T 
τi ,τ
∗
i 
τ j ,τ
∗
j 
(λ, r, s ) . 
(2) If λ is an ( r , s ) - (τ12 , τ ∗12 ) -dfo set in X , then C 12 (λ, r, s ) =
C θ12 (λ, r, s ) . 
roposition 2.1. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ, λ1 , λ2 ∈
 
X , r ∈ I 0 , s ∈ I 1 . Then: 
(1) C θ12 ( 0 , r, s ) = 0 . 
(2) λ ≤ C θ12 (λ, r, s ) . 
(3) If λ1 ≤ λ2 , then C θ12 (λ1 , r, s ) ≤ C θ12 (λ2 , r, s ) . 
(4) C θ12 (λ1 , r, s ) ∨ C θ12 (λ2 , r, s ) ≤ C θ12 (λ1 ∨ λ2 , r, s ) . 
(5) C θ12 (λ, r 1 , s 1 ) ≤ C θ12 (λ, r 2 , s 2 ) , if r 1 ≤ r 2 and s 1 ≥ s 2 . 
(6) C θ12 (λ1 ∧ λ2 , r, s ) ≤ C θ12 (λ1 , r, s ) ∧ C θ12 (λ2 , r, s ) . 
(7) C θ12 (λ, r, s ) ≤ C θ12 ( C θ12 (λ, r, s ) , r, s ) . 
roof. The proof follows immediately from the deﬁnition 
f C θ12 . 
roposition 2.2. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ ∈ I X , r ∈
 0 , s ∈ I 1 . Then: 
 
θ
12 (λ, r, s ) = ∧{ C 12 (ρ, r, s ) : ρ ≥ λ, τ12 (ρ) ≥ r, τ ∗12 (ρ) ≤ s } . 
roof. Let K = ∧{ C 12 (ρ, r, s ) : ρ ≥ λ, τ12 (ρ) ≥ r, τ ∗12 (ρ) ≤ s } .
uppose x t ∈ C θ12 (λ, r, s ) such that x t ∈ K . Then, there exists
∈ I X such that ρ ≥ λ with τ12 (ρ) ≥ r, τ ∗12 (ρ) ≤ s and 
 t ∈ C 12 ( ρ, r , s ). Since λ ≤ ρ and τ12 (ρ) ≥ r, τ ∗12 (ρ) ≤ s.
hen by Proposition 2.1 (2) and Theorem 2.1 (2), C θ12 (λ, r, s ) ≤
 
θ
12 (ρ, r, s ) = C 12 (ρ, r, s ) , this implies x t / ∈ C θ12 (λ, r, s ) which is a
ontradiction. Thus, C θ12 (λ, r, s ) ≤ K. 
Conversely, let x t ∈ K such that x t / ∈ C θ12 (λ, r, s ) . Then, there
xists μ ∈ Q τ12 ,τ∗12 (x t , r, s ) such that C 12 ( μ, r , s ) q λ, implies
 12 ( μ, r , s ) ≤ 1 − λ and hence λ ≤ 1 −C 12 (μ, r, s ) which is
n (r, s ) -dfo set in (x, τ12 , τ ∗12 ) . Then, by assumption we have
 t ∈ C 12 ( 1 −C 12 (μ, r, s ) , r, s ) and by Theorem 2.1 , x t ∈ C θ12 ( 1 −
 12 (μ, r, s ) , r, s ) . Therefore, C 12 (μ, r, s ) q 1 −C 12 (μ, r, s ) which is
 contradiction. Thus, K ≤ C θ12 (λ, r, s ) . Hence, we have the re-
uired result. 
eﬁnition 2.6. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ ∈ I X , r ∈
 0 , s ∈ I 1 and x t ∈ Pt ( X ). A fuzzy point x t is said to be an ( r , s )-
τ12 , τ
∗
12 ) - θ -interior point of λ if there exists μ ∈ Q τ12 ,τ∗12 (x t , r, s )
uch that C 12 (μ, r, s ) q 1 − λ. The set of all ( r , s ) - (τ12 , τ ∗12 ) - θ -
nterior points of λ is called I θ12 -double fuzzy interior of λ, i.e.
 
θ
12 : I 
X × I 0 × I 1 → I X deﬁned as follows: 
 
θ
12 (λ, r, s ) = ∨ { x t ∈ Pt(X ) : 
x t is (r, s ) - (τ12 , τ ∗ ) - θ -interior point of λ} . 12 
( r , s )- (τ12 , τ ∗12 ) - θ -Generalized double fuzzy closed sets in bitopological spaces 577 
 . 
 
 
 
 
 
 
 
 
 
 
 
 
(  
(  
 
 
 
 
C
 
 
 
 
 
 
 
 
 
C
 
 
 
 
 
 
 
 
 
 
 
 
 
C  
 
12 , τ
∗
1
⇓ 
2 , τ
∗
12
 
 Equivalently, 
I θ12 (λ, r, s ) = ∨ { μ ∈ I X : C 12 (μ, r, s ) ≤ λ, τ12 (μ) ≥ r, τ ∗12 (μ) ≤ s }
Deﬁnition 2.7. Let f : (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) → (X , (ν1 , ν∗1 ) ,
(ν2 , ν
∗
2 )) be a mapping. Then, f is called: 
(1) Generalized DFP ∗-continuous (GDFP ∗-continuous, for
short) if and only if f −1 (μ) is ( r , s )- (τ12 , τ ∗12 ) -gdfc with
ν12 ( 1 − μ) ≥ r and ν∗12 ( 1 − μ) ≤ s ∀ μ ∈ I Y . 
(2) Generalized DFP ∗-irresolute (GDFP ∗-irresolute, for
short) if and only if f ( μ) is ( r , s )- (ν12 , ν∗12 ) -gdfc in Y for
each ( r , s )- (τ12 , τ ∗12 ) -gdfc μ in X . 
Deﬁnition 2.8. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ ∈ I X , r ∈
I 0 , s ∈ I 1 . Then: 
(1) A fuzzy set λ is called an ( r , s )- (τ12 , τ ∗12 ) - θ -generalized
double fuzzy closed (( r , s )- (τ12 , τ ∗12 ) - θ -gdfc, for short) if
C θ12 (λ, r, s ) ≤ μ whenever λ ≤ μ such that τ 12 ( μ) ≥ r and
τ ∗12 (μ) ≤ s. 
(2) A fuzzy set λ is called an ( r , s )- (τ12 , τ ∗12 ) - θ -generalized
double fuzzy open (( r , s )- (τ12 , τ ∗12 ) - θ -gdfo, for short) if
1 − λ is ( r , s )- (τ12 , τ ∗12 ) - θ -gdfc. 
Proposition 2.3. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ1 , λ2 ∈
I X , r ∈ I 0 , s ∈ I 1 . Then: 
1) If λ1 , λ2 are ( r , s ) - (τ12 , τ ∗12 ) - θ -gdfc sets, then λ1 ∨ λ2 is an ( r ,
s ) - (τ12 , τ ∗12 ) - θ -gdfc set. 
2) If λ1 , λ2 are ( r , s ) - (τ12 , τ ∗12 ) - θ -gdfo sets, then λ1 ∧ λ2 is an ( r ,
s ) - (τ12 , τ ∗12 ) - θ -gdfc set. 
Proof. (1) Let λ1 ∨ λ2 ≤ μ such that τ 12 ( μ) ≥ r and
τ ∗12 (μ) ≤ s. This implies that λ1 ≤ μ and λ2 ≤ μ . Since
λ1 and λ2 are ( r , s )- (τ12 , τ ∗12 ) - θ -gdfc sets, then from (3) in
Proposition 2.1 , and in view of Deﬁnition 2.8 (1), we have,
 
θ
12 (λ1 ∨ λ2 , r, s )= C θ12 (λ1 , r, s ) ∨ C θ12 (λ2 , r, s ) ≤ μ∨ μ. Hence, λ1
∨ λ2 is an ( r , s )- (τ12 , τ ∗12 ) - θ -gdfc. Part (2), follows from the du-
ality of (1). 
Remark 2.1. The ﬁnite intersection (resp., union) of ( r , s )-
(τ12 , τ
∗
12 ) - θ -gdfc (resp., ( r , s )- (τ12 , τ
∗
12 ) - θ -gdfo) sets in a dfbts
(X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) need not to be ( r , s )- (τ12 , τ
∗
12 ) - θ -gdfc
(resp., ( r , s )- (τ12 , τ ∗12 ) - θ -gdfo). 
Proposition 2.4. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ ∈ I X , r
∈ I 0 , s ∈ I 1 . If λ is an ( r , s ) - (τ12 , τ ∗12 ) - θ -dfc set, then λ is an ( r ,
s ) - (τ12 , τ ∗12 ) - θ -gdfc set. 
Proof. (1) Let λ ≤ μ such that τ 12 ( μ) ≥ r and τ ∗12 (μ) ≤ s. Since
λ is ( r , s )- (τ12 , τ ∗12 ) - θ -dfc set, then C 
θ
12 (λ, r, s )= λ and from (4) in
Proposition 2.1 , for r 1 ≤ r 2 and s 1 ≥ s , we have C θ12 (λ, r 1 , s 1 ) ≤
 
θ
12 (λ, r 2 , s 2 ) = λ ≤ μ. Hence, λ is an ( r , s )- (τ12 , τ ∗12 ) - θ -gdfc. 
The converse of Proposition 2.3 is not true from the follow-
ing example. 
Example 2.1. Let X = { a, b} . Deﬁne μ, ρ ∈ I X as follows: 
μ(a ) = 0 . 2 , μ(b) = 0 . 5 
(r, s ) - (i, j) - θ -gdfc ⇐ (r, s ) - (i, j) -df θc ⇒ (r, s ) - (τ
⇓ ⇓ 
(r, s ) - (i, j) -gdfc ⇐ (r, s ) - (i, j) -dfc (r, s ) - (τ1ρ(a ) = 0 . 5 , ρ(b) = 0 . 4 
Deﬁne double fuzzy topologies τ1 , τ ∗1 , τ2 , τ
∗
2 : I 
X → I as
follows: 
τ1 (λ) = 
⎧ ⎨ 
⎩ 
1 if λ = 0 , 1 , 
1 
2 if λ = μ, 
0 otherwise, 
, τ ∗1 (λ) = 
⎧ ⎨ 
⎩ 
0 if λ = 0 , 1 , 
1 
2 if λ = μ, 
1 otherwise, 
τ2 (λ) = 
⎧ ⎨ 
⎩ 
1 if λ = 0 , 1 , 
1 
2 if λ = ρ, 
0 otherwise. 
, τ ∗2 (λ) = 
⎧ ⎨ 
⎩ 
0 if λ = 0 , 1 , 
1 
2 if λ = ρ, 
1 otherwise. 
The associated double supra fuzzy topology is deﬁned as
τ12 , τ
∗
12 : I 
X → I such that 
τ12 (λ) = 
⎧ ⎨ 
⎩ 
1 if λ = 0 , 1 , 
1 
2 if λ = μ, ρ, μ ∨ ρ, 
0 otherwise. 
τ ∗12 (λ) = 
⎧ ⎨ 
⎩ 
0 if λ = 0 , 1 , 
1 
2 if λ = μ, ρ, μ ∨ ρ, 
1 otherwise. 
Then, for r = 1 2 , s = 1 2 , the fuzzy set λ = { 0 . 3 , 0 . 4 } is a ( 1 2 , 1 2 ) -
(τ12 , τ
∗
12 ) - θ -gdfc set but it is not a ( 
1 
2 , 
1 
2 ) - (τ12 , τ
∗
12 ) - θ -dfc set. 
Proposition 2.5. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ ∈ I X , r
∈ I 0 , s ∈ I 1 . If λ is an ( r , s ) - (τ12 , τ ∗12 ) - θ -gdfc set, then λ is an ( r ,
s ) - (τ12 , τ ∗12 ) -gdfc set. 
Proof. The proof follows directly from (1) in Theorem 2.1 . 
Proposition 2.6. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ ∈ I X , r
∈ I 0 , s ∈ I 1 . If λ is an ( r , s ) - (τ12 , τ ∗12 ) -dfc set, then λ is an ( r , s ) -
(τ12 , τ
∗
12 ) -gdfc set. 
Proposition 2.7. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ ∈ I X , r
∈ I 0 , s ∈ I 1 . If λ is an ( r , s ) - (τ12 , τ ∗12 ) - θ -dfc set, then λ is an ( r ,
s ) - (τ12 , τ ∗12 ) -dfc set. 
Proposition 2.8. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ ∈ I X , r ∈
I 0 , s ∈ I 1 . If λ is an ( r , s ) - ( j , i ) -df θc set, then λ is an ( r , s ) - (τ12 , τ ∗12 ) -
θ -dfc set. 
Proof. To prove λ is an ( r , s )- (τ12 , τ ∗12 ) - θ -dfc set, we must prove
 
θ
12 (λ, r, s )= λ. Clearly, λ ≤ C θ12 (λ, r, s ) . On the other hand, by
Theorem 2.1 , C θ12 (λ, r, s ) ≤ T 
τi ,τ
∗
i 
τ j ,τ∗ j (λ, r, s ) . Since λ is an ( r , s )-( j ,
i )-df θc set, then T 
τi ,τ
∗
i 
τ j ,τ∗ j (λ, r, s ) = λ. Consequently, C θ12 (λ, r, s ) ≤
λ. Hence, λ is an ( r , s )- (τ12 , τ ∗12 ) - θ -dfc. 
From the above discussion we have the following diagram: 
2 ) - θ -dfc ⇒ (r, s ) - (τ12 , τ ∗12 ) -dfc 
⇓ 
 
) - θ -gdfc ⇒ (r, s ) - (τ12 , τ ∗12 ) -gdfc 
3. Generalized C θ12 -double fuzzy closure operator 
Deﬁnition 3.1. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts. Then, for
λ ∈ I X , r ∈ I 0 , s ∈ I 1 , we deﬁne the GC θ12 -fuzzy closure (interior)
operators GC θ12 , GI 
θ
12 : I 
X × I 0 × I 1 → I X deﬁned as follows: 
GC θ12 (λ, r, s ) = ∧ { ρ ∈ I X : ρ ≥ λ and 
ρ is (r, s ) - (τ12 , τ ∗ ) - θ -gdfc set } , 12 
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 I θ12 (λ, r, s ) = ∨ { ρ ∈ I X : ρ ≤ λ and 
ρ is (r, s ) - (τ12 , τ ∗12 ) - θ -gdfo set } . 
roposition 3.1. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ, λ1 , λ2 ∈
 
X , r ∈ I 0 , s ∈ I 1 . Then: 
(1) GI θ12 ( 1 − λ, r, s ) = 1 − GC θ12 (λ, r, s ) . 
(2) If λ1 ≤ λ2 , then GC θ12 (λ1 , r, s ) ≤ GC θ12 (λ2 , r, s ) . 
(3) If λ1 ≤ λ2 , then GI θ12 (λ1 , r, s ) ≤ GI θ12 (λ2 , r, s ) . 
(4) If λ is an ( r , s ) - (τ12 , τ ∗12 ) - θ -gdfc, then GC 
θ
12 (λ, r, s ) = λ. 
(5) If λ is an ( r , s ) - (τ12 , τ ∗12 ) - θ -gdfo, then GI 
θ
12 (λ, r, s ) = λ. 
roof. 
(1) We prove (1) by using Deﬁnition 3.1 : 
1 − GC θ12 (λ, r, s ) = 1 − ∧ { ρ ∈ I X : ρ ≥ λ and 
ρ is (r, s ) - (τ12 , τ ∗12 ) - θ -gdfc set } 
= ∨ { 1 − ρ ∈ I X : 1 − ρ ≤ 1 − λ and 
1 − ρ is (r, s ) - (τ12 , τ ∗12 ) - θ -gdfo set } 
= GI θ12 ( 1 − λ, r, s ) . 
(2) Suppose there exist x ∈ X and t ∈ (0, 1) such that 
GC θ12 (λ1 , r, s )(x ) > t > GC 
θ
12 (λ2 , r, s )(x ) . (3.1)
Since GC θ12 (λ2 , r, s )(x ) < t, then there exists an ( r , s )-
(τ12 , τ
∗
12 ) - θ -gdfc set ρ with ρ ≥ λ2 such that ρ( x ) 
< t . Since λ1 ≤ λ2 , then GC θ12 (λ1 , r, s ) ≤ ρ. It fol-
lows GC θ12 (λ1 , r, s )(x ) < t. This contradicts (3.1) . Hence,
GC θ12 (λ1 , r, s ) ≤ GC θ12 (λ2 , r, s ) . 
(3) Taking the complement of (2) and using (1), we can prove 
(3). 
(4) It can be proved from Deﬁnition 3.1 . 
(5) Similar to (3). 
heorem 3.1. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ ∈ I X , r ∈ I 0 ,
 ∈ I 1 . Then: 
(1) GC θ12 (resp. GI 
θ
12 ) is a double fuzzy closure (resp. interior) 
operator. 
(2) Deﬁne τGθ12 : I 
X → I as 
τGθ12 (λ) = ∨ { r ∈ I : GC θ12 ( 1 − λ, r, s ) = 1 − λ} , 
τ ∗Gθ12 (λ) = ∧ { s ∈ I : GC θ12 ( 1 − λ, r, s ) = 1 − λ} . 
Then, (τGθ12 , τ
∗Gθ
12 ) is a double fuzzy on X such that τ
θ
12 ≤
Gθ
12 (λ) and τ
∗θ
12 (λ) ≥ τ ∗Gθ12 (λ) 
roof. (1) To prove (1), we need to satisfy conditions (C1)–(C2) 
n Deﬁnintion 1.2. 
(C1) Since 0 is an ( r , s )- (τ12 , τ ∗12 ) - θ -gdfc set in X , then from
Proposition 3.1 (4), GC θ12 ( 0 , r, s ) = 0 . 
(C2) Follows from the deﬁnition of GC θ12 . 
(C3) Since λ ≤ λ∨ μ and μ ≤ λ∨ μ, from Proposition 3.1 (2), 
GC θ12 (λ, r, s ) ≤ GC θ12 (λ ∨ μ, r, s ) and 
GC θ12 (μ, r, s ) ≤ GC θ12 (λ ∨ μ, r, s ) . 
This implies, GC θ12 (λ, r, s ) ∨ GC θ12 (μ, r, s ) ≤ GC θ12 (λ ∨
μ, r, s ) . 
Suppose GC θ12 (λ ∨ μ, r, s )  GC θ12 (λ, r, s ) ∨ GC θ12 (μ, r, s ) .
Consequently, x ∈ X and t ∈ (0, 1) exist such that GC θ12 (λ, r, s )(x ) ∨ GC θ12 (μ, r, s )(x ) < t < GC θ12 (λ ∨ μ, r, s )(x ) .
(3.2) 
Since GC θ12 (λ, r, s )(x ) < t and GC 
θ
12 (μ, r, s )(x ) < t, there
exist ( r , s )- (τ12 , τ ∗12 ) - θ -gdfc sets ρ1 , ρ2 with λ ≤ ρ1 and μ
≤ ρ2 such that 
ρ1 (x ) < t, ρ2 (x ) < t. 
Since λ∨ μ ≤ ρ1 ∨ ρ2 and ρ1 ∨ ρ2 is an ( r , s )-
(τ12 , τ
∗
12 ) - θ -gdfc from Proposition 2.2 (1), we have 
GC θ12 (λ ∨ μ, r, s )(x ) ≤ ( ρ1 ∨ ρ2 )( x ) < t . This, however,
contradicts (3.2) . Hence, GC θ12 (λ, r, s ) ∨ GC θ12 (μ, r, s ) =
GC θ12 (λ ∨ μ, r, s ) . 
(C4) Let r 1 ≤ r 2 and s 1 ≥ s 2 , r 1 , r 2 ∈ I 0 and s 1 , s 2 ∈ I 1 , Sup-
pose GC θ12 (λ, r 1 , s 1 )  GC 
θ
12 (λ, r 2 , s 2 ) . Consequently, x ∈
X and t ∈ (0, 1) exist such that 
GC θ12 (λ, r 2 , s 2 )(x ) < t < GC 
θ
12 (λ, r 1 , s 1 )(x ) . (3.3)
Since GC θ12 (λ, r 2 , s 2 )(x ) < t , there is an ( r 2 , s 2 )- (τ12 , τ
∗
12 ) -
θ -gdfc set ρ with λ ≤ μ such that ρ( x ) < t . This
yields GC θ12 (ρ, r 3 , s 3 ) ≤ μ, whenever ρ ≤ μ and τ 12 ( μ)
≥ r 3 and τ ∗12 (μ) ≤ s 3 . Since r 1 ≤ r 2 and s 1 ≥ s 2 , then
GC θ12 (ρ, r 4 , s 4 ) ≤ μ, whenever ρ ≤ μ and τ 12 ( μ) ≥ r 4 
and τ ∗12 (μ) ≤ s 4 . This implies ρ is an ( r , s )- (τ12 , τ ∗12 ) - θ -
gdfc. From Deﬁnition 3.1 , we have GC θ12 (λ, r 1 , s 1 )(x ) ≤
ρ(x ) < t. This contradicts (3.3) . Hence, GC θ12 (λ, r 1 , s 1 ) ≤
GC θ12 (λ, r 2 , s 2 ) . 
(C5) Let ρ be any ( r 2 , s 2 )- (τ12 , τ ∗12 ) - θ -gdfc containing λ.
Then, from Deﬁnition 3.1 , we have GC θ12 (λ, r, s ) ≤
ρ, from Proposition 3.1 (2), we obtain GC θ12 (λ, r, s ) ≤
GC θ12 (ρ, r, s ) = ρ. This mean that GC θ12 (GC θ12 (λ, r, s ) , r, s )
is contained in every ( r 2 , s 2 )- (τ12 , τ ∗12 ) - θ -gdfc con-
taining λ. Hence GC θ12 (GC 
θ
12 (λ, r, s ) , r, s ) ≤ GC θ12 (λ, r, s ) ,
however GC θ12 (λ, r, s ) ≤ GC θ12 (GC θ12 (λ, r, s ) , r, s ) . There-
fore GC θ12 (GC 
θ
12 (λ, r, s ) , r, s ) = GC θ12 (λ, r, s ) . Thus GC θ12 is
a double fuzzy closure operator. 
By similar way, we can prove that GI θ12 is a double fuzzy in-
erior operator. 
By using (1) and Deﬁnition 1.2 , we get (τGθ12 , τ
∗Gθ
12 ) is a double
uzzy topology on X . By Proposition 2.3 , C θ12 ( 1 − λ, r, s ) = 1 −
which yields GC θ12 ( 1 − λ, r, s ) = 1 − λ. Thus τ θ12 (λ) ≤ τGθ12 (λ)
nd τ ∗θ12 (λ) ≥ τ ∗Gθ12 (λ) for all λ ∈ I X . 
roposition 3.2. Let (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) be a dfbts, λ ∈ I X , r
 I 0 , s ∈ I 1 . If λ is an ( r , s ) - (τ12 , τ ∗12 ) - θ -gdfc, then λ is an ( r , s ) -
τGθ12 , τ
∗Gθ
12 ) -dfc set. 
roof. Follows from Proposition 3.1 (4) and 
heorem 3.1 (2). 
. GDFP ∗- θ-continuous and GDFP ∗- θ-irresolute mappings 
eﬁnition 4.1. A mapping f : (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) →
X , (σ1 , σ ∗1 ) , (σ2 , σ
∗
2 )) is called: 
(1) Generalized DFP ∗- θ -continuous (GDFP ∗- θ -continuous, 
for short) if f −1 (μ) is an ( r , s )- (τ12 , τ ∗12 ) - θ -gdfc in X for
each ( r , s )- (σ12 , σ ∗12 ) -dfc set μ in Y . 
( r , s )- (τ12 , τ ∗12 ) - θ -Generalized double fuzzy closed sets in bitopological spaces 579 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 (2) Generalized DFP ∗- θ -irresolute (GDFP ∗- θ -irresolute, for
short) if f −1 (μ) is an ( r , s )- (τ12 , τ ∗12 ) - θ -gdfc in X for each
( r , s )- (σ12 , σ ∗12 ) - θ -gdfc set μ in Y . 
(3) DFP ∗-strongly θ -continuous (DFP ∗-S θ -continuous, for
short) if for each x t ∈ Pt ( X ) and r ∈ I 0 , s ∈ I 1 if μ ∈
Q σ12 ,σ∗12 ( f ( x t ), r , s ), there exists ν ∈ Q τ12 ,τ∗12 (x t , r, s ) such
that f ( C 12 ( ν, r , s )) ≤ μ. 
Proposition 4.1. f : (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) → (X , (σ1 , σ ∗1 ) , (σ2 ,
σ ∗2 )) is GDFP 
∗- θ -continuous, then GDFP ∗-continuous. 
Proof. Let μ ∈ I Y such that μ is ( r , s )- (σ12 , σ ∗12 ) -dfc set. Since
f is GDFP ∗- θ -continuous, then we have f −1 (μ) is an ( r , s )-
(τ12 , τ
∗
12 ) - θ -gdfc, and from Proposition 2.4 , this yields f 
−1 (μ)
is an ( r , s )- (τ12 , τ ∗12 ) -gdfc. Hence, f is GDFP 
∗-continuous. 
The converse of Proposition 4.1 is not true as the following
example: 
Example 4.1. Let X = { a, b} and Y = { x, y, z } . Deﬁne λ1 , λ2 ∈
I X and μ1 , μ2 ∈ I Y as follows: 
λ1 = a 2 
3 
∨ b 1 
2 
, λ2 = a 3 
4 
∨ b 1 
4 
μ1 = x 3 
4 
∨ y 2 
3 
∨ z 1 
2 
, μ2 = x 2 
3 
∨ y 3 
4 
∨ z 1 
2 
We deﬁne double fuzzy topologies τ1 , τ ∗1 , τ2 , τ
∗
2 : I 
X → I and
σ1 , σ
∗
1 , σ2 , σ
∗
2 : I 
Y → I as follows: 
τ1 (λ) = 
⎧ ⎨ 
⎩ 
1 if λ = 0 , 1 , 
1 
2 if λ = λ1 , 
0 otherwise, 
τ ∗1 (λ) = 
⎧ ⎨ 
⎩ 
0 if λ = 0 , 1 , 
1 
2 if λ = λ1 , 
1 otherwise, 
τ2 (λ) = 
⎧ ⎨ 
⎩ 
1 if λ = 0 , 1 , 
1 
4 if λ = λ2 , 
0 otherwise, 
τ ∗2 (λ) = 
⎧ ⎨ 
⎩ 
0 if λ = 0 , 1 , 
3 
4 if λ = λ2 , 
1 otherwise, 
σ1 (λ) = 
⎧ ⎨ 
⎩ 
1 if μ = 0 , 1 , 
1 
2 if μ = μ1 , 
0 otherwise, 
σ ∗1 (λ) = 
⎧ ⎨ 
⎩ 
0 if μ = 0 , 1 , 
1 
2 if μ = μ1 , 
1 otherwise, 
σ2 (μ) = 
⎧ ⎨ 
⎩ 
1 if μ = 0 , 1 , 
1 
3 if μ = μ2 , 
0 otherwise. 
σ ∗2 (μ) = 
⎧ ⎨ 
⎩ 
0 if μ = 0 , 1 , 
2 
3 if μ = μ2 , 
1 otherwise. 
The associated double supra fuzzy topologies is deﬁned as
follows: 
τ12 (λ) = 
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 
1 if λ = 0 , 1 , 
1 
2 if λ = λ1 , 
1 
4 if λ = λ2 , 
1 
4 if λ = λ1 ∨ λ2 , 
0 otherwise, 
τ ∗12 (λ) = 
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 
0 if λ = 0 , 1 , 
1 
2 if λ = λ1 , 
3 
4 if λ = λ2 , 
3 
4 if λ = λ1 ∨ λ2 , 
1 otherwise, 
σ12 (μ) = 
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 
1 if μ = 0 , 1 , 
1 
2 if μ = μ1 , 
1 
3 if μ = μ2 , 
1 
3 if μ = μ1 ∨ μ2 , 
0 otherwise. σ ∗12 (λ) = 
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 
0 if μ = 0 , 1 , 
1 
2 if μ = μ1 , 
2 
3 if μ = μ2 , 
2 
3 if μ = μ1 ∨ μ2 , 
1 otherwise. 
Consider the mapping f : (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) →
(Y , (σ1 , σ ∗1 ) , (σ2 , σ
∗
2 )) deﬁned by f (a ) = y and f (b) = z .
Then f is GDFP ∗-continuous but is not GDFP ∗- θ -continuous
because, there exists 1 − μ is a ( 1 2 , 1 2 ) − (τ12 , τ ∗12 ) -dfc set but
f −1 (. 1 − μ) is not a ( 1 2 , 1 2 ) − (τ12 , τ ∗12 ) - θ -gdfc set. 
Proposition 4.2. If f : (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) → (X , (σ1 , σ ∗1 ) ,
(σ2 , σ
∗
2 )) is DFP 
∗-S θ -continuous, then GDFP ∗- θ -continuous. 
Proof. Let λ ∈ I Y be an ( r , s )- (σ12 , σ ∗12 ) -dfc set. Let f −1 (λ) ≤
μ, where τ 12 ( μ) ≥ r 1 and τ ∗12 (μ) ≤ s 1 for r 1 ≤ r and s 1 ≥
s . We must show that C θ12 ( f 
−1 (λ) , r, s ) ≤ μ. Let x t ∈ μ this
means, x t q 1 − μ. In fact, f −1 (λ) ≤ μ , which implies that
1 − μ ≤ 1 − f −1 (λ) . Since x t q 1 − μ this yields, x t q 1 − f −1 (λ) .
Thus, we have f (x t ) q 1 − λ such that 1 − λ is ( r , s )- (σ12 , σ ∗12 ) -
dfo set in Y . That is means 1 − λ ∈ Q σ12 ,σ∗12 ( f (x t ) , r, s ) . Since
f is DFP ∗-S θ -continuous, then there exists η ∈ Q τ12 ,τ∗12 (x t , r, s )
such that f (C 12 (η, r, s )) ≤ 1 − λ. This implies, f (C 12 (η, r, s )) q λ
and then C 12 (η, r, s ) q f −1 (λ) . In view of Deﬁnition 2.6 , we
get x t ∈ C θ12 ( f −1 (λ) , r, s ) . Since r 1 ≤ r and s 1 ≥ s , then
from Proposition 2.1 (4), we have x t ∈ C θ12 ( f −1 (λ) , r 1 , s 1 ) .
Hence, we obtain C θ12 ( f 
−1 (λ) , r 1 , s 1 ) ≤ μ. Thus, f is GDFP ∗- θ -
continuous. 
The converse of Proposition 4.1 is not true as the following
example: 
Example 4.2. Let X = { a, b} and Y = { x, y } . Deﬁne λ1 , λ2 ∈ I X
and μ1 , μ2 ∈ I Y as follows: 
λ1 = a 1 
2 
∨ b 1 
3 
, λ2 = a 1 
3 
∨ b 1 
2 
μ1 = x 1 
2 
∨ y 1 
4 
, μ2 = x 1 
4 
∨ y 1 
2 
We deﬁne double fuzzy topologies τ1 , τ ∗1 , τ2 , τ
∗
2 : I 
X → I and
σ1 , σ
∗
1 , σ2 , σ
∗
2 : I 
Y → I as follows: 
τ1 (λ) = 
⎧ ⎨ 
⎩ 
1 if λ = 0 , 1 , 
1 
2 if λ = λ1 , 
0 otherwise, 
τ ∗1 (λ) = 
⎧ ⎨ 
⎩ 
0 if λ = 0 , 1 , 
1 
2 if λ = λ1 , 
1 otherwise, 
τ2 (λ) = 
⎧ ⎨ 
⎩ 
1 if λ = 0 , 1 , 
1 
3 if λ = λ2 , 
0 otherwise, 
τ ∗2 (λ) = 
⎧ ⎨ 
⎩ 
0 if λ = 0 , 1 , 
2 
3 if λ = λ2 , 
1 otherwise, 
σ1 (λ) = 
⎧ ⎨ 
⎩ 
1 if μ = 0 , 1 , 
1 
2 if μ = μ1 , 
0 otherwise, 
σ ∗1 (λ) = 
⎧ ⎨ 
⎩ 
0 if μ = 0 , 1 , 
1 
2 if μ = μ1 , 
1 otherwise, 
σ2 (μ) = 
⎧ ⎨ 
⎩ 
1 if μ = 0 , 1 , 
1 
3 if μ = μ2 , 
0 otherwise. 
σ ∗2 (μ) = 
⎧ ⎨ 
⎩ 
0 if μ = 0 , 1 , 
2 
3 if μ = μ2 , 
1 otherwise. 
The associated double supra fuzzy topologies is deﬁned as
follows: 
τ12 (λ) = 
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 
1 if λ = 0 , 1 , 
1 
2 if λ = λ1 , 
1 
3 if λ = λ2 , 
1 
3 if λ = λ1 ∨ λ2 , 
0 otherwise, 
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[  τ ∗12 (λ) = 
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 
0 if λ = 0 , 1 , 
1 
2 if λ = λ1 , 
2 
3 if λ = λ2 , 
2 
3 if λ = λ1 ∨ λ2 , 
1 otherwise, 
12 (μ) = 
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 
1 if μ = 0 , 1 , 
1 
2 if μ = μ1 , 
1 
3 if μ = μ2 , 
1 
3 if μ = μ1 ∨ μ2 , 
0 otherwise. 
σ ∗12 (λ) = 
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 
0 if μ = 0 , 1 , 
1 
2 if μ = μ1 , 
2 
3 if μ = μ2 , 
2 
3 if μ = μ1 ∨ μ2 , 
1 otherwise. 
onsider the mapping f : (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) →
Y , (σ1 , σ ∗1 ) , (σ2 , σ
∗
2 )) deﬁned by f (a ) = y and f (b) = x .
hen, f is GDFP ∗- θ -continuous but is not DFP ∗ -S θ -
ontinuous because, there exists a 0 . 7 ∈ Pt(X ) , r = 1 3 ,
 = 2 3 and μ1 ∈ Q σ12 ,σ∗12 ( f (a 0 . 7 ) , 1 3 , 2 3 ) such that for any
∈ Q τ12 ,τ∗12 (a 0 . 7 , 1 3 , 2 3 ) , f (C 12 (λ, 1 3 , 2 3 ) ≮ μ1 . 
roposition 4.3. If f : (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) →
X , (σ1 , σ ∗1 ) , (σ2 , σ
∗
2 )) is DFP 
∗-continuous, then GDFP ∗
continuous. 
The converse of above proposition is not true in general. 
heorem 4.1. A mapping f : (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) →
X , (σ1 , σ ∗1 ) , (σ2 , σ
∗
2 )) is DFP 
∗-continuous iﬀ for each x t 
 Pt ( X ) and for each μ ∈ Q σ12 ,σ∗12 ( f ( x t ), r , s ), there exists∈ Q τ12 ,τ∗12 (x t , r, s ) such that f ( η) ≤ μ. 
roof. Suppose f : (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) → (X , (σ1 ,∗
1 ) , (σ2 , σ
∗
2 )) is DFP 
∗-continuous. Let x t ∈ Pt ( X ) and
∈ Q σ12 ,σ∗12 ( f ( x t ), r , s ). Since f is DFP ∗-continuous. Then
12 ( f −1 (μ)) ≥ σ12 (μ) and τ ∗12 ( f −1 (μ)) ≤ σ ∗12 (μ) . Since f ( x t ) ∈
then x t ∈ f −1 (μ) implies f −1 (μ) ∈ Q τ12 ,τ∗12 (x t , r, s ) such that
f ( f −1 (μ)) ≤ μ. 
Conversely, Let μ ∈ I Y such that μ is ( r , s )- (σ12 , σ ∗12 ) -
fo set and let x t ∈ f −1 (μ) , this implies f ( x t ) ∈ μ, Therefore
∈ Q σ12 ,σ∗12 ( f ( x t ), r , s ), and from our assumption, there ex-
sts ν ∈ Q τ12 ,τ∗12 (x t , r, s ) such that f ( ν) ≤ μ. Then, we get ν ≤
f −1 (μ) . That is means f −1 (μ) contains ( r , s )- (τ12 , τ ∗12 ) -dfo set
or each f −1 (μ) is an ( r , s )- (τ12 , τ ∗12 ) -dfo set. Hence, f is DFP 
∗-
ontinuous. 
roposition 4.4. If f : (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) →
X , (σ1 , σ ∗1 ) , (σ2 , σ
∗
2 )) is DFP 
∗-S θ -continuous, then DFP ∗-
ontinuous. 
roof. Let x t ∈ Pt ( X ) and μ ∈ Q σ12 ,σ∗12 ( f ( x t ), r , s ). Since f
s DFP ∗-S θ -continuous. Then there exists η ∈ Q τ12 ,τ∗12 (x t , r, s )
uch that f ( C 12 ( η, r , s )) ≤ μ. Since η ≤ C 12 ( η, r , s ), then f ( η) ≤
 ( C 12 ( η, r , s )) ≤ μ. Thus, in view of Theorem 4.1 , f is DFP ∗-
ontinuous. 
The converse of above Proposition is not true as seen in 
xample 4.1 . 
Also, Examples 4.1 and 4.2 show that the DFP ∗-continuous 
nd DFP ∗- θ -continuous are independent. Therefore, we have he following implications. 
DFP ∗- θ -continuous ⇒ GDFP ∗-continuous 
⇑ ⇑ 
DFP ∗-S θ -continuous ⇒ DFP ∗-continuous 
heorem 4.2. A mapping f : (X , (τ1 , τ ∗1 ) , (τ2 , τ
∗
2 )) →
X , (σ1 , σ ∗1 ) , (σ2 , σ
∗
2 )) is bijective, DFP 
∗- θ -open and GDFP ∗- θ -
ontinuous, then GDFP ∗- θ -irresolute. 
roof. Let ν ∈ I Y such that ν is ( r , s )-( σ 12 , σ 12 ∗)- θ -gdfc set
nd f −1 (ν) ≤ μ such that τ 12 ( μ) ≥ r 1 and τ 12 ∗( μ) ≤ s 1 for
 1 ≤ r and s 1 ≥ s . Since f −1 (ν) ≤ μ, then ν ≤ f ( μ). From
he fact that DFP ∗-open, we obtain f ( μ) is an ( r 1 , s 1 )-( σ 12 ,
12 
∗)-dfo. Now, we have ν is an ( r , s )-( σ 12 , σ 12 ∗)- θ -gdfc set
nd ν ≤ f ( μ). From Deﬁnition 2.1 (1) we get, ( C 12 ∗) θ ( ν, r 1 , s 1 )
f ( μ) and thus, f −1 (( C 12 ∗) θ ( ν, r 1 , s 1 )) ≤ μ. Since ( C 12 ∗) θ ( ν,
 1 , s 1 ) is an ( r , s )-( σ 12 , σ 12 ∗)- θ -gdfc in Y and f is GDFP ∗- θ -
ontinuous. Then C 12 θ ( f −1 (( C 12 ∗) θ ( ν, r 1 , s 1 )), r 1 , s 1 ) ≤ μ this
ields C 12 θ ( f −1 (ν) , r 1 , s 1 )) ≤ μ. Therefore, f −1 (ν) is an ( r , s )-
τ12 , τ
∗
12 ) - θ -gdfc. Hence, f is GDFP 
∗- θ -irresolute. 
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